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We study the dynamics of photonic quantum circuits consisting of nodes coupled by quantum
channels. We are interested in the regime where time delay in communication between the nodes
is significant. This includes the problem of quantum feedback, where a quantum signal is fed
back on a system with a time delay. We develop a matrix product state approach to solve the
Quantum Stochastic Schro¨dinger Equation with time delays, which accounts in an efficient way for
the entanglement of nodes with the stream of emitted photons in the waveguide, and thus the non-
Markovian character of the dynamics. We illustrate this approach with two paradigmatic quantum
optical examples: two coherently driven distant atoms coupled to a photonic waveguide with a time
delay, and a driven atom coupled to its own output field with a time delay as an instance of a
quantum feedback problem.
Introduction. Wiring up increasingly complex quan-
tum devices from basic modules is central in the effort
to build large scale quantum circuits [1]. Quantum op-
tical systems provide a natural framework to implement
such a modular approach as a photonic quantum circuit
[2, 3]. Here left and right propagating modes in optical
fibers or waveguides provide the channels for communica-
tion between the nodes, and represent input and output
ports to drive and observe the circuit [Fig. 1(a)]. Such
networks can involve quantum communication between
’local’ nodes, or in a distributed network between ’dis-
tant’ nodes, where time delays can be important. Recent
advances in building small scale quantum processors with
atoms and ions [4], and the development of atom-photon
interfaces in CQED [5], or in coupling atoms to photonic
nanostructures [6–8], have demonstrated - at least on a
conceptual level - the basic building blocks for such a
scalable photonic network [9, 10].
On the theory side this raises the question of formu-
lating a quantum theory of photonic quantum networks.
Such a theory must account for the quantum many-body
dynamics induced by multiple photon exchanges between
the nodes, and relating the input and output quantum
signals on the level of quantum states. Theoretical quan-
tum optics has provided tools for modeling Markovian
quantum networks, i.e. when time delays can be ignored
[11, 12]. It is the purpose of the present work to ad-
dress non-Markovian aspects of the dynamics introduced
by these time delays. This refers to both retarded inter-
action between the nodes of the network involving the
exchange of (possibly many) photons, and also addresses
the problem of quantum feedback [13], where the quan-
tum signal emitted from a system is fed back with a time
delay [14]. Our approach is based on solving the Quan-
tum Stochastic Schro¨dinger Equation (QSSE) [12] with
time-delays based on (continuous) matrix product states
(MPS) [15–19], as developed originally in a condensed
matter context [20–26]. This technique allows for an effi-
cient description of entanglement, which scales with finite
time delays between the nodes of the network and the
stream of photons propagating in the quantum channels,
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FIG. 1. (a) Photonic quantum circuit consisting of waveg-
uides (quantum channels) connecting the nodes (boxes), and
representing the input and output ports of the system. While
(a) is a spatial representation of the circuit, (b) is the corre-
sponding time interpretation according to a QSSE (4). The
nodes interact sequentially with photon modes defined for
time bins according to the stroboscopic map (3). The time
delay τ > 0 corresponds to a non-local interaction in time. (c)
Simple network consisting of two systems (atoms) at distance
d coupled to a 1D wave guide, and (d) the time interpreta-
tion according to QSSE (1). The red/green line represent the
left/right moving radiation field in the time representation
(see text).
including the quantum fields and relevant observables at
the output of the photonic quantum network.
Quantum optical model. Our approach is best illus-
trated for the paradigmatic model [27] consisting of two
distant nodes n = 1, 2 connected to an infinite wave-
guide, representing the input and output ports of our
system (c.f. Fig.1(c)). The nodes are located at positions
x1 < x2, and there is a time delay τ = (x2−x1)/v ≡ d/v
associated with photon exchange with v the velocity of
light. Our treatment considers photons in a bandwidth
B around some mean optical frequency ω¯. To describe
the dynamics, we follow the familiar quantum optical for-
mulation [12, 28] and write a QSSE i~ ddt |Ψ〉 = H(t)|Ψ〉
for the total system of nodes and waveguide. The to-
tal Hamiltonian is denoted by H(t) = Hsys + Hint(t)
with Hsys =
∑
nH
(n)
sys the sum of the Hamiltonian of
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2the nodes. The interaction term is given by
Hint(t)= i~
((√
γLb
†
L(t)+
√
γRb
†
R(t− τ)eiφ
)
c1−h.c.
)
+i~
((√
γLb
†
L(t− τ)eiφ+
√
γRb
†
R(t)
)
c2−h.c.
)
(1)
which describes the emission and absorption of photons
by the nodes n = 1, 2 into the left and right-propagating
modes i = L,R of the waveguide within a rotating
wave approximation (RWA). Here the operators bR(t)
and bL(t) are defined by
bi(t) =
1√
2pi
ˆ
B
dω bi(ω)e
−i(ω−ω¯)t (i = L,R)
with bi(ω) (b
†
i (ω)) destruction (creation) operators of
photons of frequency ω, satisfying [bi(ω), b
†
i′(ω
′)] =
δi,i′δ(ω − ω′). In quantum optics they have the mean-
ing of quantum noise operators with white noise bosonic
commutation relations [bi(t), b
†
i′(t
′)] = δi,i′δ(t−t′), which
lead to the interpretation as a QSSE. The photon prop-
agation phase shift is denoted by φ = −ω¯τ . The oper-
ators c1and c2 are the transition operators for the node
in emission of a photon. The coupling to the left and
right propagating modes is given by the decay rates γL
and γR into the radiation modes of the waveguide, re-
spectively, and we define γ ≡ γR + γL. We note that
for a chiral coupling, as is naturally realized in nanopho-
tonics [6–8], we have γR 6= γL. While the assumptions
behind the derivation of the QSSE are still Markovian in
nature [12, 29], it is the time delays, reflecting retarda-
tion between the absorption and emission events, which
introduces a non-Markovian element into the dynamics
[see Fig. 1(d)].
The simplest physical realization of two nodes (n =
1, 2) is given by coherently driven two level systems with
ground and excited states |gn〉, |en〉 [6]. The correspond-
ing system Hamiltonian is in a rotating frame H
(n)
sys =
−~∆n|en〉〈en|− ~2 (Ωn|gn〉〈en|+h.c.), with ∆n = ωL−ωeg
the detuning of the driving laser from atomic resonance,
Ωn the Rabi frequency, and cn ≡ σ−n = |gn〉〈en|. We
return to this example below in some detail.
In the Markovian limit, τ→0+, the above QSSE can be
interpreted according to Stratonovich quantum stochas-
tic calculus [12, 29]. There are well established techniques
to convert this QSSE to Ito calculus, and eventually to a
master equations for the dynamics of the reduced state of
the nodes, ρsys, tracing over the waveguide as a quantum
reservoir. For vacuum inputs we obtain
d
dt
ρsys = − i~ [Hsys, ρsys] + γ(D[c1]ρsys +D[c2]ρsys)
− (γLeiφ[c1, ρsysc†2] +γReiφ[c2, ρsysc†1]−h.c.), (2)
with D[c]ρ ≡ cρc† − 12{c†c, ρ} [30, 31]. We note that
Eq. (2) contains an instantaneous dipole-dipole interac-
tions, and collective atomic decay terms related to the 1D
character of the reservoir. For the case of symmetric de-
cay, γL = γR, (2) describes super- and subradiant decay
processes [32]. In the limit of purely unidirectional cou-
plings, γL = 0, where node 1 drives node 2, but there is no
back scattering from 2 to 1, the above equation reduces
to the master equation for a cascaded quantum system,
as first derived by Carmichael and Gardiner [30, 31]. We
note that for the cascaded case a finite time delay τ > 0
can always be absorbed in a retarded time for node 2,
i.e. the system dynamics can be described by a Markovian
master equation [11, 12]. This is not the case, however,
when we allow for back scattering or two-way commu-
nication. Below we address this problem by solving the
QSSE for τ > 0, where a Markovian master equation of
the type (2) does not exist.
To give a meaning to a QSSE with time delays, and
to prepare our MPS formulation to its solution we find
it convenient to discretize time in small steps ∆t, that is
tk = k∆t with k ∈ Z. We represent the time evolution
as a dynamical map |Ψ(tk+1)〉 = Uk|Ψ(tk)〉. We choose
a time step, which is small compared the timescale of
the system evolution (including γL,R∆t  1), but large
compared to the inverse bandwidth B of the waveguide.
Moreover, we conveniently choose ∆t a unit fraction of
the delay time, τ = `∆t (with ` integer). Thus we have
|Ψ(tk+1)〉 = Uk|Ψ(tk)〉 (3)
≡ exp
(
− i
~
Hsys(tk)∆t+Ok,1 +Ok,2
)
|Ψ(tk)〉
with
Ok,1 =
(√
γL∆B
†
L(tk) +
√
γR∆B
†
R(tk−`)e
iφ
)
c1−h.c.
Ok,2 =
(√
γL∆B
†
L(tk−`)e
iφ +
√
γR∆B
†
R(tk)
)
c2−h.c.
(4)
Here we have defined quantum noise increments
∆Bi(tk) =
´ tk+1
tk
dt bi(t). They obey (up to a
normalization factor) bosonic commutation relations,
[∆Bi(tk),∆B
†
i′(tk′)] = ∆tδi,i′δk,k′ , and can thus be in-
terpreted as annihilation (or creation) operators for pho-
tons in the time bin k. Since we have two channels (L,R)
each time bin contains two such modes. The above equa-
tion states that in time step tk → tk+1 the first node can
emit a photon into the two modes, the L-mode of bin
k and the R-mode of bin k − `, and vice versa for the
second node. Thus we can visualize the time evolution
as a conveyor belt of time bins representing the modes
(c.f. Fig 1(c)): each time step shifts this conveyor belt by
one unit, and after ` such steps the first (second) system
interacts with the photons emitted by the second (first)
one.
Matrix Product State description. In the following we
employ a MPS representation of |Ψ(t)〉. In a condensed
matter context time-dependent Density Matrix Renor-
malization Group (tDMRG) techniques have been devel-
oped to integrate the many-particle Schro¨dinger equation
in 1D systems, and ladder geometries, and a close rela-
tionship between MPS and the output fields from pho-
tonic systems has been established [15–19]. Here we build
on these developments to integrate (4) efficiently and for
long times, approaching the steady state.
3We assume that the full state is initially (t = 0) com-
pletely uncorrelated, that is |Ψ(t = 0)〉 = |ψS〉
⊗
p |φp〉,
where |ψS〉 denotes the initial state of the nodes (emit-
ters) and |φp〉 the state of the photons in time bin p.
In particular this includes a waveguide initially in the
vacuum state |φp〉 = |vacp〉 with ∆BL/R(tp)|vacp〉 =
0. The stroboscopic evolution until a time tk gives a
state |Ψ(tk)〉 = |φin(tk)〉 ⊗ |ψ(tk)〉, where |φin(tk)〉 =⊗
p≥k |φp〉 is the remaining (unused) input state and
|ψ(tk)〉 =
∑
iS ,{ip}
ψiS ,ik−1,ik−2,...|iS , ik−1, ik−2 . . .〉 (5)
is the entangled state of nodes and radiation field. Here
iS and ip label the basis states in the Hilbert space of the
nodes and the time bin p, respectively:
|ip〉 ≡ |iLp , iRp 〉 =
(∆B†L)
iLp√
∆ti
L
p iLq !
(∆B†R)
iRp√
∆ti
R
p iRq !
|vacp〉 (6)
where i
L/R
p = 0, 1, 2 . . . denote the number of photons
in the L/R mode in time bin p. The modes p ∈ (k −
1, . . . , k− `) represent the photonic state in the quantum
circuit, while p < k − ` labels the modes of the output
field [cf. Fig. 1(b)].
In a MPS form [21, 23–25, 33] we can write these am-
plitudes as
ψiS ,ik−1,...= tr
{
A[S]iSA[k −1]ik−1A[k −2]ik−2. . .} , (7)
where A[p]ip are Dp×Dp−1 matrices and Dp is the bond
dimension for a bipartite cut between time bins p and
p + 1. We emphasize that the quantum state (5), and
its MPS decomposition (7), refer to an entangled state
of nodes and photons in time bins. This is in contrast
to condensed matter systems where the many-body wave-
function refers to spatial correlations at a given time. The
propagation of the full state from tk to tk+1 via Eq. (4)
involves an interaction of each node with two time-bin
modes of the radiation fields, with time delays appear-
ing as “long range interactions”. While instantaneous
(short range) interactions are standard to implement in
the MPS formalism [23, 24], time-delayed (long range)
interactions can be handled by methods introduced in
[34]. In each time step the MPS (7) grows by one site
(A[k]). For the technical details for updating the MPS
state in each time step we refer to the Supplemental Ma-
terial [28]. Note however that only the state of the nodes
and the time bins in [tk − τ, tk] are updated in the kth
time step.
We now illustrate this generic method with two ex-
amples: (i) two coherently driven, distant atoms inter-
acting via the waveguide as discussed above, and (ii) a
single driven atom coupled to a waveguide terminated
by a distant mirror as illustration of a quantum feedback
problem. In contrast to previous work [27, 32, 35–47],
which includes transfer matrix and Wigner-Weisskopf
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FIG. 2. Two driven two-level atoms coupled to a waveguide
[c.f. Fig. 1(c)]. (a) Atomic excitation probabilities of atoms
1 and 2 (solid/dashed black lines), and photon number in
the waveguide between the atoms (red) as function of time
for γτ = 5 and |Ω| = 1.5γ. Vertical dashed lines indicate
multiples of the delay time. (b) Entanglement entropy S(ρA)
of the atoms and radiation field in the interval [t− tA, t] as a
function of time. The line at tA = 0 gives the entanglement
of the atoms with the entire radiation field, while the line
at tA = τ = 5/γ corresponds to the entanglement of the
entire circuit with the output field. (c) Probabilities pN for
having N photons in the waveguide between the atoms for
different delay times τ in the steady state (calculated by time
evolution to tmax = 200/γ). (d) Entanglement entropy of
the entire circuit with the output field in the steady state for
asymmetric coupling γL/R = γ(1 ± χ)/2. Unless otherwise
stated parameters in (a-d) are: γL = γR ≡ γ/2, γτ = 5,
φ = pi/2, Ω1 = Ω2e
iφ = 1.5γ, ∆ = 0; γ∆t = 0.1, Dmax = 256.
type approaches applicable to a single, or a few excita-
tions propagating through the system, we are interested
here in strongly driven systems with multiple photon ex-
change resulting in significant entanglement. The prob-
lem of delayed quantum feedback was addressed recently
by Grimsmo [48] in the transient regime of a few delay
cycles. In contrast we will be able to follow the evolution
of the circuit for long times, reaching the steady state.
Two driven distant atoms. Figs. 2(a,b) show results
for the time evolution of two atoms driven through the
waveguide from the left input port, which are separated
by a distance corresponding to a delay γτ = 5, and a
propagation phase φ = pi/2 [see Fig. 1(c)]. Fig. 2(a)
plots the atomic excitation probabilities and the mean
photon number in the waveguide between the two atoms
(delay line). For a time evolution starting at t = 0, the
atoms will “not see each other” for times 0 ≤ t < τ ,
and thus obey Rabi dynamics described by single atom
Bloch equations. For t > τ the atom interacts both with
the coherent drive and also with the time-delayed non-
classical stream of photons emitted by the other atom.
We assume a driving laser field from the left and thus
the output field of atom 1 acquires the same phase as the
laser, when traveling to atom 2. On the other hand the
output field of the atom 2 is out of phase with respect to
4FIG. 3. Steady state properties of the circuit and output field
for different delays γτ and feedback phases φ (with γL = γR =
γ/2). (a) Excited state probabilities of the atom (left) and
intensity of the output photo-current (right). The white line
corresponds to φ = pi−√Ω2 + ∆2τ , where the feedback is out
of phase with the drive. (b) Incoherent part of the spectrum
of the output field as a function of the feedback phase for
γτ = 0.2, 2, 4 and as function of the delay time for φ = 0, 2.6
(from top to bottom). (c) Autocorrelation function of the
output field for γτ = 6 (top) and for different delay times at
φ = pi/2 (bottom). Parameters: γ∆t = 0.1, Dmax = 50). The
steady state is obtained by a evolution up to tend = 200/γ.
the coherent drive by 2φ when it reaches atom 1. This
causes the destructive and constructive interference in
the atomic populations for t > τ in Fig. 2(a).
In Fig. 2(b) we plot the time evolution of the
entanglement of time bins in terms of the entropy
S(ρA) ≡ −Tr{ρA log2 ρA} of the reduced state ρA(t) =
Tr¬A{|Ψ(t)〉〈Ψ(t)|}. Here A refers to the radiation field
in time bins [t−tA, t] [Fig. 1(d)]. Note that for tA = 0 the
state ρA ≡ ρsys corresponds to the reduced density oper-
ator of the atoms, and S(ρsys) quantifies the atom-photon
entanglement, as the total state |Ψ(t)〉 is pure. On the
other hand, for tA = τ , the state ρA ≡ ρcircuit includes
also the radiation field in the waveguide between the
atoms, and thus S(ρcircuit) quantifies the entanglement
of the circuit with the output field [49]. S(ρcircuit) in-
creases approximately linearly during the first roundtrip
time, but does not increase afterwards. The necessary
bond dimension to represent the state, Dmax scales thus
exponentially with γτ , which limits the achievable time
delays. However for a fixed τ , the bond dimension does
not increase with the total integration time, allowing us
to reach the steady state. This can be understood by not-
ing that each photon is emitted as a superposition state
into the left and right moving channel, and contributes
an entropy S1 = −(γL/γ) log2(γL/γ)−(γR/γ) log2(γR/γ)
to the total entanglement of the circuit for a time τ after
its emission, i.e. before the photon leaves the circuit [28].
S(ρcircuit) thus scales linearly with the number of pho-
tons present in the waveguide between the atoms [50].
In Fig. 2(c) we plot this photon number distribution in
steady state for increasing τ . Fig. 2(d) shows the cor-
responding increase of the entanglement S(ρcircuit), and
the role of chirality γL 6= γR. The entropy per photon
S1 is maximal for a bidirectional system (γL = γR), and
vanishes in the unidirectional case (γR = 0), such that
in the cascaded limit S(ρcircuit) becomes independent of
τ . This connects our approach to the well known fact
that time delays can be trivially eliminated in the purely
cascaded limit (see above and [30, 31]). The vanishing
of the entropy S(ρcircuit) in Fig. 2(d) for the purely uni-
directional coupling γR = 0 indicates the existence of a
dark (pure) quantum state as steady state of the quan-
tum circuit. The formation as quantum dimers of two-
level atoms has been discussed in the Markovian case
[51], and these persist as dimer correlations shifted by
the time delay between the two atoms even for τ > 0
[10].
Quantum feedback – atom in front of a mirror: Finally
we illustrate our approach for the example of a driven
atom in front of a mirror at distance d (see also [48]),
and calculate properties of the atomic steady state and
the corresponding output field (Fig. 3). The quantum
stochastic Hamiltonian is given by [28]
Hint(t)=i~(
√
γRb
†(t)+
√
γLb
†(t−τ) eiφ)|g〉〈e|−h.c.) (8)
The parameters characterizing this setup are the delay-
time τ = 2d/v and the roundtrip propagation phase
φ = pi− ω¯τ . In the Markovian limit, τ → 0+, the system
is described by the well known optical Bloch equation,
with effective decay rate γeff = 2γ cos
2(φ/2) and effective
detuning ∆eff = ∆ − (γ/2) sin(φ) (for γL = γR) [52–55].
In this limit the output power spectrum in the steady
state, S(ν), shows a Mollow triplet [56] and the auto-
correlaltion function g2(t) exhibits photon antibunching.
With our methods we can go systematically beyond this
limit and calculate these steady state quantities for long
delays τ  γ−1,Ω−1 (Fig. 3). As depicted in Fig. 3(b)
with increasing τ the incoherent part of the spectrum de-
velops a series of peaks at ν = (φ+ 2piZ)/τ . This reflects
the coherence of photons that are emitted in a superposi-
tion of states corresponding to propagation towards and
away from the mirror, resulting in correlations of time
bins separated by τ . As shown in Fig. 3(c) g2(t) also
reveals long time correlations g2(τ) < 1. This reduced
probability of detecting two photons delayed by τ can be
traced back to the anti-bunching of photons emitted to-
wards and away from the mirror. Moreover, depending
on the phase of the feedback φ, the equal time auto-
correlation function g2(t = 0) can change from the well
known antibunching dip (g2(0) < 1) to a bunching peak
(g2(0) > 1), where photons in the feedback line interfere
with the emission of photons directly into the output
port. [Fig. 3(c)].
In summary, we have developed a MPS approach to
describe the dynamics of photonic quantum networks
with time delays, and the quantum feedback problem.
This provides a systematic framework to simulate com-
plex, composite nonlinear photonic quantum circuits and
5quantum optical devices with several input and output
channels [28].
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I. DERIVATION OF THE QUANTUM
STOCHASTIC SCHRO¨DINGER EQUATION
Here we summarize briefly the derivation of the QSSE
(see Ch. 9 of [12]) for the two examples considered in
the main text, namely two atoms interacting via a 1D
waveguide with Hamiltonian Eq. (1), and a single atom
coupled to a waveguide terminated by a mirror according
to Eq. (8).
A. Setup 1: two atoms coupled to a waveguide
We consider two atoms (n = 1, 2) representing two
nodes of the quantum network, which we model as two-
level atoms with ground and excited states |gn〉 and |en〉,
respectively, coupled to a 1D waveguide with left and
right propagating modes (see Fig. 4(a)). The Schro¨dinger
equation for the total state of atoms and waveguide |Ψ(t)〉
is given by
i~
d
dt
|Ψ(t)〉 = Htot|Ψ(t)〉
with total Hamiltonian
Htot = Hsys +HB +Hint.
Here, Hsys refers to the bare dynamics of the two atoms
Hsys =
∑
n=1,2
[
~ωn|en〉〈en| − ~
2
(
Ωn|gn〉〈en|eiω¯t + h.c.
)]
.
(9)
Here ωn denotes the transition frequency of the atom n.
The atoms are driven by a coherent driving field with
Rabi frequency Ωn at a frequency ω¯, detuned by ∆n =
ω¯−ωn from the atomic transition frequency. Note that in
writing the atomic Hamiltonian in the form (9) we made
a rotating wave approximation valid for |∆n|, |Ωn|  ω¯.
The bare Hamiltonian of the waveguide is given by
HB =
∑
i=L,R
ˆ
B
dω~ωb†i (ω)bi(ω), (10)
where the bosonic operators bi(ω) (b
†
i (ω)) destroy (cre-
ate) a photon of frequency ω propagating to the left (i =
L) or to the right (i = R). They obey the usual bosonic
commutation relations [bi(ω), b
†
i′(ω
′)] = δi,i′δ(ω − ω′).
The interaction between each atom and light reads in
the RWA
Hint = i~
∑
i,n
ˆ
B
dω κi(ω)[b
†
i (ω)cne
−iωxn/vi − h.c.], (11)
where xn denotes the position of the atom n along the
waveguide, and vi the photon group velocity. We con-
veniently choose x2 > x1 and vR = −vL ≡ v > 0. For
consistency with the rotating wave approximations we in-
clude only photons in the relevant bandwidth B around
ω¯ in (10) and (11). The transition operators associated
with the atomic decay are denoted by cn = |gn〉〈en|, and
the coupling matrix elements for creating a left or right
(i = L,R) moving photon of frequency ω are κi(ω). The
position of the atom xn enters here as a phase factor
e−iωxn/vi . We note that due to the presence of more
than one atom this phase factor can not simply be gauged
away. Following the standard quantum optical treatment
[11, 12] we assume the modulus of the coupling elements
to be constant over the relevant bandwith B, and ap-
proximate κi(ω)→
√
γi/2pi. The parameters γL and γR
correspond to the single atom decay rates into left and
right moving photons, respectively. For notational sim-
plicity we assumed them to be the same for both atoms.
1. Quantum Stochastic Schro¨dinger equation
To derive a QSSE we go into an interaction picture
with respect to the bath Hamiltonian HB , and into a
rotating frame with the frequency of the driving laser.
The corresponding unitary transformation is
UI(t) = exp
(
−iHBt/~− i
∑
n
ω¯|en〉〈en|t
)
. (12)
In this interaction picture the Schro¨dinger equation for
the state |ΨI(t)〉 = U†I (t)|Ψ(t)〉 reads
i~
d
dt
|ΨI(t)〉 = (Hsys,I +Hint,I(t))|ΨI(t)〉, (13)
where the Hamiltonian in the interaction picture consists
again of a system part
Hsys,I =
∑
n
(
−~∆n|en〉〈en| − ~
2
(Ωn|gn〉〈en|+ h.c.)
)
,
(14)
8and an interaction part
Hint,I(t)= i~
∑
i,n
(√
γib
†
i (t− xn/vi) e−iω¯xn/vicn−h.c.
)
.
(15)
Here we have defined quantum noise operators
bi(t) =
1√
2pi
ˆ
B
dωbi(ω)e
−i(ω−ω¯)t, (16)
obeying the white noise commutation relations
[bi(t), b
†
i (t
′)] = δi,jδ(t − t′). In going to the inter-
action picture we thus essentially changed from a
frequency representation of the radiation field to a time
representation. To obtain a complete formal equivalence
with the form of the QSSE (1) given in the main text we
perform a variable shift and redefine the phase of this
noise operators by
bL(t)→ bL(t+ x1/vL)e−iω¯x1/vL , (17)
bR(t)→ bR(t+ x2/vR)e−iω¯x2/vR . (18)
With this and the identification τ ≡ (x2 − x1)/v as well
as φ = −ω¯τ , we recover the QSSE with the Hamiltonian
(1) of the main text:
Hint,I(t) = i~
((√
γLb
†
L (t) +
√
γRb
†
R (t− τ) eiφ
)
c1 − h.c.
)
+ i~
((√
γLb
†
L (t− τ) eiφ +
√
γRb
†
R (t)
)
c2 − h.c.
)
.
In the main text we drop the subscript I.
2. Discretization into time bins
As discussed in the main text we interpret this QSSE in
terms of a stroboscopic map with discrete time steps ∆t.
In this time bin representation we discretize time in steps,
that is t0 = 0 and tk+1 = tk + ∆t with k ∈ Z. The time
step ∆t has to be chosen much smaller that the system
timescales associated with the coherent drive |Ωn|, its
detuning |∆n|, and the decay rates into the waveguide
γL,R.
∆t γ−1L,R, |Ω1,2|−1, |∆1,2|−1 (19)
We note that ∆t should be larger that the timescale as-
sociated with the bandwidth B of the photon modes that
we kept in the RWA. In practice this is not a limitation
and we formally let ∆t → 0+. Thus, for a finite delay
τ we can always choose a ∆t such that it is an integer
fraction of τ .
For each of these time bins we define quantum noise
increments
∆Bi(tk) =
ˆ tk+1
tk
dt bi(t).
output
delay line
input
(a)
(b)
(c)
(d)
output
delay line
input
FIG. 4. (a,b) Setup 1 considered in the main text: (a)
two atoms at a distance d interacting with a waveguide. (b)
Time bin representation of the QSSE as a stroboscopic map
for the evolution of the atoms and the radiation fields in a
single time step. (c,d) Setup 2 considered in the main text
(quantum feedback): (c) atom in front of a distant mirror.
(d) Time bin representation of the QSSE, and interpretation
of the stroboscopic map describing the evolution of the atoms
and the radiation fields for a single time step.
that obey (up to a normalization factor) bosonic commu-
tation relations,
[∆Bi(tk),∆B
†
i′(tk′)] = ∆tδi,i′δk,k′ .
and can thus be interpreted as annihilation (or creation)
operators for photons in the time bin k.
With this we can represent the time evolution accord-
ing to the QSSE to lowest order in ∆t as the dynamical
map stated in the main text:
|ΨI(tk+1)〉 = Uk|ΨI(tk)〉 (20)
≡ exp
(
− i
~
Hsys(tk)∆t+Ok,1 +Ok,2
)
|ΨI(tk)〉
with
Ok,1 =
(√
γL∆B
†
L(tk) +
√
γR∆B
†
R(tk−`)e
iφ
)
c1−h.c.
Ok,2 =
(√
γL∆B
†
L(tk−`)e
iφ +
√
γR∆B
†
R(tk)
)
c2−h.c.
(21)
Fig. 4(b) is a graphical representation of the time bin
representation, illustrating the propagation for a single
time step.
B. Setup 2: single atom in front of a mirror
The second example studied in the main text consid-
ers the problem of a single atom coupled to a waveguide
terminated at distance d by a mirror, i.e. a half cav-
ity (see Fig. 7(c))). Similar to the previous example
the Hamiltonian of the combined system is of the form
9Htot = Hsys + HB + Hint. The system Hamiltonian is
analogous to (9) for a single atom
Hsys = ~ω|e〉〈e| − ~
2
(
Ω|g〉〈e|eiω¯t + h.c.) . (22)
In contrast to the i = L,R modes of the previous exam-
ple, we have here only one mode, so that the Hamiltonian
for the radiation field reads
HB =
ˆ
B
dω~ωb†(ω)b(ω), (23)
where the bosonic operators b(ω) (b†(ω)) again destroy
(create) a photon of frequency ω. The corresponding
mode functions are superpositions of plane waves with
positive and negative wavevector satisfying the bound-
ary condition of zero electric field at the position of the
mirror, chosen at x = 0. The atom-photon interaction of
the atom placed at a distance d from the mirror is then
given by
Hint = i~
ˆ
B
dω [b†(ω)c(κR(ω)e−iωd/v−κL(ω)eiωd/v)−h.c.],
with c = |g〉〈e|.
1. QSSE for an atom in front of a mirror
Similar to (12) we go to an interaction picture
i~
d
dt
|ΨI(t)〉 = (Hsys,I +Hint,I(t))|ΨI(t)〉, (24)
where Hsys,I is (compare Eq. (14)) and
Hint,I(t) = i~
√
γRb
† (t− d/v) e−iω¯d/vc
− i~√γLb† (t+ d/v) e+iω¯d/vc+ h.c. (25)
with quantum noise operators defined as in (16). By
identifying the roundtrip time τ = 2d/v and the phase
φ = pi − ω¯τ , we can redefine
b(t)→ b(t+ τ/2)eiφ/2 (26)
and write the interaction Hamiltonian in the form used
in the main text
Hint,I(t) =i~(
√
γRb
† (t) +
√
γLb
† (t− τ) eiφ)c− h.c.).
In the main text we drop the subscript I.
2. Discretized version
By discretizing time in small steps ∆t we obtain the
stroboscopic map (illustrated in Fig. 7(d)))
|ΨI(tk+1)〉 = Uk|ΨI(tk)〉 (27)
≡ exp
(
− i
~
Hsys,I(tk)∆t+Ok
)
|ΨI(tk)〉
with
Ok =
(√
γR∆B
†(tk) +
√
γL∆B
†(tk−`)eiφ
)
c−h.c., (28)
that propagates the state in an analogous way as de-
scribed in the main text for the situation of two systems
coupled to the same waveguide in (4). Here the ∆B(tk) =´ tk+1
tk
dtb(t) are bosonic operators ([∆B(tk),∆B
†(tk′)] =
∆tδk,k′) that annihilate a photon in the time bin k.
For a discussion of the corresponding dynamics we refer
to Fig. 7.
II. STATE EVOLUTION AND MATRIX
PRODUCT STATE UPDATE
Here we elaborate on the propagation of the state and
the corresponding update MPS for a single time step
tk → tk+1 for a stroboscopic evolution with Uk of the
form (20) or (27). We will treat both examples studied
in the main text on an equal footing, where we always
refer to the system described in Sec. I A as example (i)
and to the setting of Sec. I B as example (ii).
A. Hilbert space in a time bin representation
The Hilbert space for the full quantum state of atoms
and field in the time bin representation, |Ψ(t)〉, is in both
casesH = HS
⊗∞
p=−∞Hp, whereHS is the Hilbert space
of the the system [atoms(s)], which in (i) is of dimension
dS = 4, and in (ii) it is of dimension dS = 2. For future
reference we label a basis in the system Hilbert space HS
by |iS〉 (iS = 1, . . . dS). With each time bin p there is
an associated Hilbert space Hp, that in (i) contains two
bosonic modes corresponding to right and left moving
photons, and in (ii) only one [see Fig.4(b,d)]. We label a
basis in Hp by |ip〉. For the example (ii) we can construct
such a basis as
|ip〉 = (∆B
†)ip√
∆tipiq!
|vacp〉, (ip = 0, 1, 2, . . . ) (29)
and where ∆B(tp)|vacp〉 = 0. Thus |ip〉 denotes the state
in which the time bin p is populated with ip photons. For
the example (i) we have
|ip〉 ≡ |iLp , iRp 〉 =
(∆B†L)
iLp√
∆ti
L
p iLq !
(∆B†R)
iRp√
∆ti
R
p iRq !
|vacp〉, (30)
with (i
L/R
p = 0, 1, 2, . . . ) and where ∆BL/R(tp)|vacp〉 =
0. Thus, |ip〉 = |iLp , iRp 〉 denotes the state with iLp photons
in the “left-moving” mode of time bin p and iRp photons
in the “right-moving” mode. We note that for the sys-
tem considered here each bosonic mode in this time bin
representation interacts with the system (at most) twice
for a short time ∆t in the entire evolution from the ini-
tial state at t = 0 to t → ∞. Thus, for a waveguide
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initially in the vacuum state, one can restrict the Hilbert
space for each of these modes to a maximum occupation
number of two.
B. State of the system and radiation field
We assume that the state of the system and the ra-
diation field, |Ψ(t)〉 ∈ H, is initially (t = 0) completely
uncorrelated, that is
|Ψ(t = 0)〉 = |ψS〉
∞⊗
p=−∞
|φp〉 (31)
Here |ψS〉 denotes the initial state of the system and |φp〉
the state of the photons in time bin p. For concreteness
we chose waveguide initially in the vacuum state |φp〉 =
|vacp〉 (for all p).
Under the evolution with the stroboscopic maps Uk
[(20) or (27)] until a time tk the system interacts sequen-
tially with pairs of time bins (0,−`), (1, 1 − `), (2, 2 −
`), . . . (k−1, k−1− `) as illustrated in Fig. 4(b,d). Thus,
it gets correlated with the time bins k− 1, k− 2, . . . , but
not with the time bins k, k + 1, k + 2, . . . , and the state
can be written as |Ψ(tk)〉 = |φin(tk)〉 ⊗ |ψ(tk)〉, where
|φin(tk)〉 =
⊗
p≥k |vacp〉 and
|ψ(tk)〉 =
∑
iS ,{ip}
ψiS ,ik−1,ik−2,...|iS , ik−1, ik−2 . . .〉 (32)
is the entangled state of emitters and radiation field in
time bins p < k.
At the time tk one can identify the state of the time bin
k as the input state for the following stroboscopic step.
The state of the time bins p ∈ (k−1, . . . , k−`) represents
the photonic state in the quantum circuit, while the time
bins p < k−` correspond to the output field [cf. Fig. 1(b)].
C. MPS Ansatz
In a matrix product state representation we can write
the coefficients in (32) as
ψiS ,ik−1,...= tr
{
A[S]iSA[k −1]ik−1A[k −2]ik−2. . .} (33)
or in the canonical form [33]
ψiS ,ik−1,...=
=
∑
{α}
Γ[S]iSαSΛ[S]αSΓ[k−1]ik−1αS ,αk−1Λ[k−1]αk−1 · · · (34)
Here the Λ[S]αS are the Schmidt coefficients for a bipar-
tite splitting of the system from the radiation fields and
thus determines the entanglement of the atom(s) with the
photons. Analogously, Λ[p]αp on the other hand are the
Schmidt coefficients for a bipartite splitting of the time
bins q < p from the rest of the state consisting of time
bins q ≥ p and the atom(s). For example, Λ[k− `]αk−l is
the Schmidt vector for a bipartite splitting on the entire
circuit, including the atom(s) and the radiation field in
the delay line, from the output field at time tk. We de-
note the Schmidt rank in such splittings by Dp, and the
maximum Schmidt rank in the MPS by Dmax.
D. Propagation and MPS update
As outlined above the interaction of the atoms with
the waveguide will in general lead to a highly entangled
state. To represent this state efficiently and analyze its
entanglement properties we employ MPSs. In the follow-
ing we outline the method we implement to propagate
the MPS according to the stroboscopic map (20) or (27).
1. Initial state
We assume that waveguide is initially (t = 0) in the
vacuum state
|Ψ(t = 0)〉 = |ψS〉
∞⊗
p=−∞
|vacp〉 (35)
which has a trivial MPS representation with bond Di-
mension D = 1 (Fig. 5).
2. First time step
In the fist time step t = 0 → t = ∆t the system in-
teracts with the photonic modes in the bins p = 0 and
p = −`, such that the system at time t = ∆t is entangled
with these two time bins, while the other modes are still
uncorrelated. To update the MPS accordingly one has to
implement a “long range interaction” between the three
involved time bins (Fig. 5). To do so we use a method
proposed in [34], and reduce it to a sequential application
of nearest neighbor unitary operations, where standard
tools can be used to update the MPS accordingly. As
indicated in Fig. 5 we do this in four steps:
• We perform a series of swap gates, V (p,p−1)swap , that
interchange the quantum state in time bins p and
p − 1. To keep the state in MPS form we have to
perform a singular value decomposition after each
such nearest neighbor unitary operation. With the
application of `−1 such gates with p = −`−1,−`−
2, . . . ,−1, we cyclically permute the quantum state
in time bins representing the delay line, such that
the state of time bin −` is moved “next to the sys-
tem” (see Fig. 5).
• After this permutation the unitary Uk=0 can be ap-
plied in a local way to the state of system, time bin
p = 0 and time bin p = −`.
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S -1 -2 -3 -40123
S -1 -2 -3 -40123
S -1 -2 -3 -4123 0
S -1 -2 -3 -4123 0
S -1 -2 -3 -4123 0
S -1 -2 -3 -4123 0
FIG. 5. Illustration for the update of the MPS corresponding to the situations depicted in Fig. 4, for ` = 3 setting the delay to
τ = 3∆t. Left: At time t = 0 the full system is in a completely factorized pure state, where the system (S) and the different time
bin modes are not entangled (indicated by the absence of vertical links). In the first time step a unitary operation involving the
time bin 0 an the time bin −` has to be applied. This is a “long distance” operation, which can be implemented by a sequence
of local operations as indicated on the right. After the first time step the system is entangled with the time bin 0 and the time
bin p as indicated by the horizontal links. Moreover the system is moved by one site to the left in the MPS representation.
By iterating this procedure the system “moves” trough the MPS getting entangled with everything that it leaves to its right.
Right: MPS update for a single time step. In order to realize the non-local term Uk we apply a sequence of nearest neighbor
local unitary operations (from top to bottom). In order to implement the interaction of the system S with the time bin k and
the time bin k− `, that propagates the state tk → k+ 1, Uk we use a sequence of nearest neighbor swap gates that interchange
(the quantum state of) time bins, such that Uk can be implemented as a nearest neighbor term. Then the order is restored
by the inverse sequence of swap gates. In addition to this we swap the order of the system S with the time bin k such that
finally the state after the whole sequence (bottom) is of the same form as before the sequence (top) with k → k + 1. The
entanglement properties indicated by the horizontal bonds correspond to a situation for k = 0. Note we do not perform at any
point a Trotter decomposition of the unitary.
• We reorder the state by swapping back the time bin
−` to its original position.
• To prepare the state for the next time step (k = 1)
we bring the state to the form (34) (with k = 1) by
a swap of the system with the time bin 0.
In summary, this involves 2`− 1 local unitary operations
(singular value decompositions) to propagate the state
for a single time step and update the tensors Γ[S], and
Γ[p] (p = −1,−2, · · · − `)and the Schmidt vectors Λ[S]
and Λ[p] (p = −1,−2, · · · − ` + 1). The entanglement
between the system ant the two time bins 0 and −` is
reflected by an increase of the bond dimension DS and
Dp for p = −1,−2, · · ·−`+1 (indicated by the horizontal
links in Fig. 5).
3. k-th timestep
The propagation of the next steps tk → tk+1 can be
achieved in the same way by applying:
• A series of local swap gates, Vk =
∏k−`+1
p=k−1 V
(p,p−1)
swap .
• The unitary Uk (local).
• The series of local swaps V †k to restore the order of
the MPS.
• The local swap gate V (k,S)swap to prepare the MPS for
the next time step.
Again 2` − 1 singular value decompositions have to be
performed to update the ` tensors Γ[S], and Γ[p] and the
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Schmidt vectors Λ[S] and Λ[p] for p = k−1, k−2, . . . k−`
in each step. We note in particular that the tensors Γ[p]
and the Schmidt vectors Λ[p] for p < k−l, that is for time
bins representing the output field are unchanged in the
k-th time step (and in all steps after that), that is, once
a time bin leaves the circuit its state does not change
anymore.
As discussed in the main text, the necessary bond di-
mension Dmax to represent the state of the radiation field
in this MPS form depends only on the time delay τ and
scales as Dmax ∼ 2γτS1 , where S1 is the entropy per
photon defined in the main text. This sets the limit on
the achievable delay time τ for a given bond dimension
Dmax. On the other hand, for a fixed τ the bond dimen-
sion does not increase with the total integration time
Tmax = kmax∆t  τ (See also Fig. 6). This allows us
access the steady state by propagating the full state to a
time Tmax, where the properties of the reduced state of
the circuits relax to their stationary value.
E. Observables and state properties
With the full quantum state in the canonical matrix
product form (34) we have access to various quantities
of both, the system and the radiation field. In particular
this includes the entanglement of various bi-partitions of
the full system, e.g. in terms of the entanglement entropy,
but also properties of the output field that are accessi-
ble in experiments. We are both interested in the time
evolution of these quantities, as well as in their values in
the steady state. We access latter by calculating the full
time evolution up to a (large) time Tmax = kmax∆t for
which they relaxed to their stationary value.
Entanglement Entropy: In the main text we quantify
the entanglement at a time tk for a bipartition of the
entire system in a partA that contains the system Hilbert
space and the radiation fields in the interval [tk, tk − tA]
with the rest of the system, that is
A = HS
⊗
k>p≥k−pA
Hp (36)
with tA ≡ pA∆t. From Eq. (34) the spectrum of the
corresponding reduced Hilbert space is given by Λ[k −
pA]2. The corresponding entanglement entropy is then
given by
S(ρA) = −
∑
α
Λ[k − pA]2α log2(Λ[k − pA]2α) (37)
Of particular interest are the entanglement of the atoms
with the radiation field, that is the entropy of the reduced
state of the atoms ρsys:
S(ρsys) = −
∑
α
Λ[S]2α log2(Λ[S]
2
α) (38)
(a)
(b)
output field
time
time
FIG. 6. Schematic representation of the entanglement gen-
erated for two atoms coupled to a bidirectional waveguide
(a) and a single atom to a mirror-ended waveguide (b). The
photons emitted each are in an entangled state between left
moving lime time bins and right moving time bins. The time
delay causes entanglement of this photon in the time basis
over a time τ . For a bipartition of the system at a time bin
t − tA the entanglement entropy of the field and the system
in A with the rest of the field is proportional to the links cut
in this splitting (e.g. blue and grey in this example). The
maximum entanglement entropy for such a splitting is thus
proportional to the number of photons emitted over a time τ .
The maximum entropy in the output field obeys thus an area
law.
but even more the entanglement of the entire photonic
circuit (including atoms and radiation fields in the delay-
lines) with the output field
S(ρcircuit) = −
∑
α
Λ[k − `]2α log2(Λ[k − `]2α). (39)
We note that the entanglement does not depend on the
choice of the time step.
Spectrum of the output field: In the steady state the
spectrum of the output field is given by
Si,j(ν) = 2<
ˆ ∞
0
dt′〈bi(t)†bj(t− t′)〉eiνt′ (40)
in the time bin basis this is replaced by
Si,j(ν)→ 2< 1
∆t
M−1∑
p=0
〈∆B†i (tq)∆Bj(tq−p)〉eiνp∆t (41)
where M has to be chosen large enough and q = kmax −
`− 1, such that the correlation function in (41) is evalu-
ated for the output field at the time tk. The correlation
function appearing in (41) can be efficiently evaluated for
a state in the form (34).
Higher order photon correlation functions: In the same
manner as for the spectrum one can also evaluate higher
order correlation functions of the output field that are
experimentally accessible such as the second order auto-
correlation function, which in steady state (t → ∞) is
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defined as
g2(t
′) =
〈b(t)†b†(t− t′)b(t− t′)b(t)〉
〈b†(t)b(t)〉2 (42)
which again in the time bin basis translates to
g2(p∆t) =
〈∆B(tq)†∆B†(tq−p)∆B†(tq−p)∆B(t)〉
〈∆B†(tq)∆B(tq)〉2 (43)
where q = kmax − `− 1.
F. Generalizations and Extensions
1. Multiple Nodes and channels
The above discussion can be generalized to more
photonic channels in a straightforward way, essentially
extending the number of modes in each time bin,
c.f. Fig. 1(b). Each channel adds another leg to the
“conveyor belt” carrying the photonic excitations. Addi-
tional nodes can be added by noting that for independent
nodes the stroboscopic map can be written as a product
of maps for the individual nodes Uk =
∏
n Uk,n. At this
point it is also easy to include various optical elements in
the waveguides, e.g. beam splitters, by terms of the form
Uk,n = exp(−i(χ∆B†am(tcm)∆Bbm(tdm)− h.c.)).
2. Nonlinear dispersion relation
We note that the treatment presented here is tailored
to describe transmission lines with a linear dispersion
relation. We can however relax this assumption and gen-
eralize this to include deviations thereof. A quadratic
contribution, that is ω(k) ≈ vk + α(k − ω¯/v)2 can be
modeled by evolving the radiation field in each time step
in addition to Uk also with an additional Hamiltonian
term of the form
Hdis = −~J
∆t
∑
p
(∆B†(tp)∆B(tp+1)−∆B†(tp)∆B(tp)+h.c.),
with J = α/(v∆t)2  1/∆t. This is a nearest neigh-
bor term and can be included in the MPS evolution in a
standard way.
3. System reservoir coupling
In the derivation of (1) we approximated the couplings
of the atomic dipole to a photon of frequency ω, κi(ω),
by a constant. One can again go beyond this and model
a situation with κi(ω) = κi(ω¯) + βi(ω − ω¯). In the ex-
ample of Sec. I B this would lead to an additional term
Hint,I(t)→ Hint,I(t) +H(1)int,I(t) with
H
(1)
int,I(t) =i~
(
βRi
d
dt
b(t) + βLi
d
dt
b† (t− τ) eiφ)c− h.c.
)
.
(44)
In terms of the stroboscopic map (27) this would corre-
spond to an additional term Ok → Ok +O(1)k with
O
(1)
k =
iβR
∆t
(∆B†(tk)−∆B†(tk−1))c
+
iβL
∆t
(∆B†(tk−`)−∆B†(tk−`−1))eiφ)c− h.c..
(45)
Again this could be straightforwardly included in the
MPS description.
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FIG. 7. Driven atom in front of a distant mirror (compare to
Fig 2 of the main text and Fig. 4) . (a) Time evolution of the
atomic excitation probability (black lines) and photon num-
ber in the waveguide between the atom and the mirror (red).
Multiples of the delay time τ = 10/γ are indicated by vertical
dashed lines. Parameters:Ω/γ = 1.5, γL = γR ≡ γ/2, φ = 0,
Ω = 1.5γ, ∆ = 0; γR∆t = 0.05. We plot pe for different val-
ues of for the maximal bond dimension Dmax = 32, 64, 128 of
the MPS to illustrate convergence. (b) Entanglement entropy
of the system and radiation field in in the interval [t, t − tA]
as a function of time. The line at tA = 0 gives the entan-
glement of the atom with the entire radiation field, while the
line at tA = τ = 10/γ corresponds to the entanglement of
the entire circuit with the output field. Parameters are the
same as in (a). (c) Probabilities pN for having N photons in
the waveguide between the atom and the mirror for different
delay times τ and a coherent drive Ω/γ = 2.5 in the steady
state (calculated by time evolution to tmax = 200/γ). (d) En-
tanglement entropy of the entire circuit with the output field
in the steady state. Parameters as in Fig. 3 of the main text.
III. ADDITIONAL RESULTS: SETUP 2
To complement the results shown in the main text we
report here results on the quantum feedback problem,
where we plot analogous quantities to the ones calculated
in Fig. 2 of the main text for the problem of delayed
interaction of two atoms via a waveguide.
In Fig. 7(a) we consider an atom initially in the ground
state and the waveguide in the vacuum. The mirror is
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place at a distance d such that γτ = 10 and φ = 0. We
show the time evolution of the atomic excitation prob-
ability pe = Tr{|e〉〈e||Ψ(t)〉〈Ψ(t)|} for a system that is
driven coherently with Ω/γ = 3/2 and on resonance
∆ = 0. For times t < τ the atom does not “see the
mirror” and evolves according to the standard optical
Bloch equations that govern the dynamics of the reduced
atomic state in the absence of the mirror. For times t > τ
the delay non-classical steam of photons that bounced off
the mirror ads to the coherent driving filed. With the
choice of φ = 0 this feedback is in phase with the co-
herent drive and enhances emission into the output port.
Due to this enhanced emission the excitation probabil-
ity of the atom is reduced after the first roundtrip. In
Fig. 7(a) we also plot the mean number of photons be-
tween the half cavity formed by the atom and the mirror,
and fluctuations.
Fig. 7(b) shows how the entanglement builds up dur-
ing the time evolution. During the first round trip the
S(ρcircuit) increases approximately linear with time re-
flecting the linear increase of the number of photons that
are emitted in an entangled state towards the mirror and
away from it. After the first roundtrip the entanglement
entropy reaches essentially a steady state. The linear
increase stops, since for each entangled photon that is
created during the second round trip time, on average
one photon that was emitted during the first round trip
time leaves the half cavity and does no longer contribute
to the entanglement entropy (see also Fig. 6(b)].
Fig. 7(c) shows the number statistics of photons in the
feedback loop in steady state. Clearly for increasing τ
the number increases showing that our approach allows
us to go clearly beyond the Markovian approximation.
Finally, in Fig. 7(d) we show the entanglement en-
tropy S(ρcircuit) in the steady state. As argued above,
the entanglement increases approximately linear with the
length of the delay line. The dependence on φ is related
to the excitation probability of the atom in the steady
state [see Fig. 3(a)]. For γτ & 1 it governs the emis-
sion rate of entangled photons towards and away from
the mirror. For γτ . 1 the feedback field interferes de-
structively with the coherent drive if the feedback phase
conspires with the delay time to φ = pi−√Ω2 + ∆2τ . In
this case that the atom reabsorbs the photons reflected
from the mirror, and no photons are emitted into the
output port in steady state [see Fig.3(a)], explaining the
correspondingly low entanglement in Fig. 7(d).
